This paper investigates the consensus problem of high-order continuous-time linear multiagent systems (LMASs) with multitype switching topologies which include both consensusable and unconsensusable communication topologies. A linear transformation is introduced, which equivalently transforms the consensus problem into the stability problem of a corresponding switched system, along with a necessary and sufficient condition to analyze the consensus problem. This paper is aimed at studying the impact of a switching rule on communication topologies for consensus of LMASs. Based on the dynamic dwell time method, a sufficient condition is derived for consensus of LMASs. It is shown that, with switching signals that satisfy this switching rule, LMASs can achieve consensus under directed switching communication topologies. A numerical example is provided to illustrate the effectiveness of the theoretical results.
Introduction
In the past few decades, the study of distributed coordination control of multiagent systems has been a hot topic due to the extensive applications in various specialized areas, including flocking [1] , formation control [2] , the cooperative control of unmanned air vehicles [3] , and communication control of large scale networks [4] . Consensus, as one of the most important subjects in distributed coordination control, means that, by appropriate control protocols, multiple agentsIt is well known that there are three key factors for consensus of LMAS under fixed topology: dynamic structure of agents, communication topology of LMASs, and control protocol. Further, switching signals on communication topologies play a key role in achieving consensus for LMASs under switching topologies. When dynamic structures of agents and possible communication topologies are given, one can study the relationship between the consensus and the switching rule of communication topologies. A natural question which arises is with what switching signal can the LMASs achieve consensus? Literature addressing this concern has already been published. For instance, by using the average dwell time method, [15] chose a class of signals to deal with a synchronization problem of a nonlinear multiagent system under undirected switching topologies. The topology condition was extended to the digraph in [16, 17] . However, switching signals based on the average dwell time method are "slow switching" and are too limited to precisely depict the sufficient condition for consensus. This limitation brings difficulties to the analysis of consensus conditions. To overcome this drawback, a switching rule based on the dynamic dwell time method [18] was introduced in [19] with an assumption that all possible communication topologies are consensusable.
However, in practice, the possible communication topologies of LMASs are not always consensusable. Thus, this paper analyzes the consensus problem for high-order LMASs under multitype switching topologies. It is aimed at exploring a switching rule, such that, with a class of switching signals satisfying this rule, consensus can be achieved by LMASs. Compared with the existing works, the contributions of the paper are summarized as follows. (1) Communication topology conditions in [19] are extended to include both consensusable and unconsensusable communication topologies. (2) Compared with the switching rule based on the average dwell time method in [16, 17] , a switching rule based on the dynamic dwell time method is less conservative and more flexible; in addition, it allows more numbers of switching signals.
An outline of this paper is organized as follows. In Section 2, some basic concepts are described and the problem to be studied is formulated. A linear transformation is presented along with a lemma to describe the equivalent relation between the consensus problem and the stability problem of a corresponding switched system in Section 3. A sufficient condition based on the dynamic dwell time method for the consensus of LMASs is established in Section 4. A numerical example is provided in Section 5. Conclusions are drawn in Section 6.
Problem Description
Consider a system consisting of agents, labelled 1 through , and the dynamic of the th agent iṡ
where ∈ R is the state variable of agent , ∈ R is its control input, I = {1, . . . , } is the index set of agents, and ∈ R × and ∈ R × are constant matrices. The communication topology (hereafter referred to as topology) of system (1) is expressed by a weighted digraph N( ) = { , ( ), ( )}, where the th element of the vertex set = {V 1 , . . . , V } represents agent , and the element (V , V ) of the time-varying edge set ( ) ⊆ × denotes the communication link from agents to . Let ( ) = {V ∈ , (V , V ) ∈ ( )} stand for the neighbor set of agent , and weight matrix ( ) = [ ] × , where is a scalar which represents the coupling strength of information transmitting from agents to , , ∈ I.
Using a protocol [5] ,
where ∈ R × is a feedback gain matrix. Herein ‖ ⋅ ‖ denotes the Euclidean norm of a vector.
Definition 2 (see [19] ). A time-invariant topology N is called consensusable topology of system (1), if there exists a protocol in form (2) such that system (1) achieves consensus. Otherwise, topology N is unconsensusable.
For instance, a topology in which there exists a spanning tree is consensusable.
Due to various reasons, such as the sensors limited communication range, transmission failures, and obstacles, the communication links between agents may disconnect or reconnect and result in time-varying topology N( ). Without loss of generality, suppose there are finite topologies of system (1); that is, N( ) ∈ NA = {N , ∈ M}, M = {1, . . . , }. Within NA, there are 1 consensusable topologies, that is, set NC = {N , ∈ M − }, and 2 unconsensusable topologies, that is, set NU = {N , ∈ M + }, where M = M − ∪ M + and NA = NC ∪ NU. Next, we consider a case which satisfies the following assumption.
Via protocol (2), system (1) can be expressed by the switched system as follows: (1) is N when ∈ [ , +1 ). ( ) ∈ R × is the weighted Laplacian matrix induced by the topology N( ) = { ( ) , ∈ I}, and its entries are defined by
It is generally known that the switching signals of topologies have great impact on the consensus of LMASs. If LMASs follow an incorrect switching signal, consensus cannot be achieved even though N( ) switches within consensusable topologies. Conversely, if LMASs follow a correct switching signal, consensus can be achieved even if N( ) switches within unconsensusable topologies. We aim to explore under what condition for the switching signal ( ) can system (1) achieve consensus via protocol (2) with topology N( ) satisfying Assumption 3. In order to depict the switching signal ( ), we introduce the definition of dwell time.
Definition 4 (see [20] ). Let { , = 0, 1, 2, . . .} be the set of switching instants of a given switching signal ( ), where 0 = 0. ( ) = +1 − is called the dwell time of system (1) under topology N , = ( ).
Next, by a linear transformation, we equivalently transform the consensus problem into an asymptotic stability problem of a corresponding switched system.
Linear Transformation and Consensus Analysis
Consider the following linear transformation [11] :
where
The inverse matrix of can be worked out as follows:
wherê0 is × ( − 1) matrix given bŷ
After the linear transformation (5), system (3) is transformed into the following system:
Then system (9) can be rewritten into two equations:
As ( ) is a piecewise constant function that maps into M, the first equation of system (10) can be expressed by a switched system with subsystems and a switching signal
Definition 5 (see [20] ). The equilibrium point = 0 of the switched system (12) is said to be exponentially stable under switching signal ( ) if the solution ( ) satisfies
where constants ≥ 1 and > 0.
The consensus of system (1) via protocol (2) is equivalent to the asymptotic stability of equilibrium point = 0 for the switched system (12) . Thus, similar to the proof process of Lemma 2 and Theorem 1 in [11] , we arrive at the following lemma.
Lemma 6. For given topology set {N , ∈ M} and a switching signal ( ), via protocol (2) , system (1) 
Main Results
In this section, based on the dynamic dwell time method, we will analyze a sufficient condition that guarantees the consensus of system (1) under multitype switching topologies.
Suppose topology N( ) satisfies Assumption 3. From Corollary 7, we obtain that , ∈ M − in (12) is Hurwitz stable while , ∈ M + is not Hurwitz stable. Hence, there are positive scalars , ∈ M and positive definite matrices , ∈ M such that
Define the Lyapunov functions
As N( ) switches among topology set NA = NC ∪ NU. Without loss of generality, suppose system (1) firstly runs under several consensusable topologies in succession, which are denoted by a consensusable subgroup ⏞⏞⏞⏞⏞⏞⏞⏞⏞ NC , = 1, 2, . . . and then follow with several unconsensusable topologies one after another, which is denoted as unconsensusable subgroup ⏞⏞⏞⏞⏞⏞⏞⏞⏞ NU , = 1, 2, . . ., and that cycle repeats. Hence, we have an assumption about switching signal ( ) as follows.
Assumption 8. The consensusable subgroup
⏞⏞⏞⏞⏞⏞⏞⏞⏞ NC , = 1, 2, . . . is first activated and then follows with the unconsensusable subgroup ⏞⏞⏞⏞⏞⏞⏞⏞⏞ NU , and that cycle repeats. Switching signal ( ) has a sequence of switching instants as follows:
where − = 1, 2, . . . and + = 0, 1, 2, . . ..
Remark 9.
From Assumption 8, we know that, for any positive number , there exists interval [ − , − +1 ) ∈ [ , ∞) such that a consensusable topology is activated.
Let − be the index of the former consensusable topology
is the left (right) limit of . (2) with the switching signal ( ) if the corresponding dwell time of N , = ( − ) ∈ M − for system (1) satisfies
Theorem 10. Assume that topology N( ) of system (1) satisfies Assumption 3 and the switching signal ( ) satisfies Assumption 8. System (1) can achieve consensus via protocol
Proof. First, we prove that switched system (12) is asymptotic stable. It contains three steps as follows.
Step 1. Condition (17) implies
Considering the Lyapunov functions ( ) in (15), there are
where 1 = min ∈M min ( ) and 2 = max ∈M max ( ). Let = max ∈M + and = min ∈M − . From (14), we obtaiṅ
Hence, for ∈ [ − , − +1 ), = 1, 2, . . ., there is
Let = − − +1 , and, from (21), we derive (19) is available.
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Step 2. Without loss of generality, assume that ( 1 − ) is the initial state. According to (20) , we obtain ( (
By (21), for ∈ [ + , ( +1) − ), we have
. . .
It concludes that
where ℎ = max =1,..., + +1 {( 2 / 1 ) }. By using (19) , we obtain
Thus, for any > 0, there exists 1 = (
Step 3. When ∈ [ − +1 , + ), we get
In summary,
where is a positive constant. Therefore, for any > 0, there exist 2 = (
Hence, for any > 0 and > 0, there exist 2 = max( 1 , 2 ) such that ‖ ( )‖ < . Consequently, the switched system (12) is asymptotic stable.
From Lemma 6 we know that system (1) achieves consensus. The proof is complete.
max ∈M + { }, and choose * ∈ ( , − ). It can be seen that the condition in Theorem 10 implies both > (ln )/ and time ratio condition inf ≥0 (
, where − ( ) (resp., + ( )) stands for the total activation time of system (1) under consensusable (resp., unconsensusable) topologies. Theorem 2 in [16] is a special case of Theorem 10.
Remark 12.
When unconsensusable topology set NU = 0, that is, N( ) switches in consensusable topology set NA = NC, it can be seen that Theorem 1 in [19] is only a special case of Theorem 10.
Simulation Example
In this section, we give a numerical simulation to illustrate the obtained result. Consider a multiagent system with 6 agents:
with protocol
where 
we compare the consequences of two types of switching signals which are correspondingly based on the dynamic dwell time method (DDTM) in this paper and on the average dwell time method (ADTM) in [16] .
By use of the ADTM in [16] , we obtain that if the switching signals of topologies satisfy both average dwell 
time condition ≥ 6.6776 and time ratio condition inf ≥0 − ( )/ + ( ) ≥ 3, via protocol (32), system (31) can achieve consensus under switching topology. Figure 2 depicts the state trajectory of each state component of the six agents under the aforementioned switching topologies and a switching signal ( ) in Figure 3 with the switching sequence . By using the DDTM (17), we can obtain the dynamic dwell time ( ), = 1, 2, 3, 4, = 1, 2, . . ., that evolves on the topologies N , = 1, 2, 3, 4. If switching signals of topology satisfy dynamic dwell time condition, via protocol (32), system (31) can achieve consensus under switching topologies. Part values of the minimum dwell time of a switching signal are shown in Table 1 . Choose dwell time ( ) + 0.2; Figure 4 gives the state trajectory of each state 
component of the six agents under the aforementioned switching topologies and a switching signal ( ) in Figure 5 with the switching sequence . What is shown in Figures 2 and 4 indicates that, for the same dynamic, topologies, switching sequence , protocol, and initial states, system (31) can achieve consensus by the use of switching signals based on average and dynamic dwell time methods. However, switching signal ( ) in Figure 3 switches 4 times within 25 seconds; in contrast, switching signal ( ) in Figure 5 switches 68 times within 25 seconds. Based on the above analysis, DDTM (17) is less conservative and provides more flexible switching signals in practical ways for the LMASs to achieve consensus. 
Conclusion
The consensus problem has been studied for high-order LMASs under multitype communication topologies that include both consensusable and unconsensusable topologies. By using a linear transformation, a lemma has been presented which analyzes the equivalence relation between the consensus of LMASs and the asymptotic stability of a corresponding system. Based on the dynamic dwell time method, a switching rule has been characterized. With a class of switching signals which satisfies this switching rule, the consensus of LMASs can be achieved under multitype switching topologies. Finally, the effectiveness of the proposed theory has been illustrated by a numerical example.
